
2520 Macromolecules 1988, 21, 2520-2527 

K = 0.49. This value is close to the observed value, 0.44, 
and agrees with the value due to the relation K = gl3Og2,O 
and eq 12. Since the average values of the characteristic 
quantities for the two solvent components are used to 
estimate the values off and f’, the value of K = 0.49 could 
be also compared with the value for the system BuCl + 
BuOH + PMMA. In view of the parallel behavior of 
g12(u2), a(u2), and shown in Figure 5 the system BuCl + BuOH + PMMA appears to be better explained by 
Horta’s theory. Thus, according to Horta’s theoretical 
calculation the observed ternary function gT could not be 
attributed to the specific properties of the solvent mixture 
but was due to the equation-of-state effect. 

Registry No. PMMA, 9011-14-7; BuOH, 78-92-2; BuC1, 
109-69-3; AcN, 75-05-8. 
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ABSTRACT A statistical theory of Rayleigh scattering of light in heterogeneous Gaussian amorphous polymer 
networks, subjected to  deformation or swelling, is developed. The scattered intensity is shown to depend 
on the mean square of fluctuations of the shear modulus and increases in a nonlinear way with the degree 
of network elongation or swelling. Results of the calculation agree with experimental data on the angle 
distribution of scattered intensity on the screen. 

1. Introduction 
Knowledge of light-scattering characteristics in a con- 

densed medium provides one of the main sources of in- 
formation about the structure of the m e d i ~ m . l - ~  Such a 
method of diagnosis is being widely used in scientific re- 
search and applications. At  the same time there is an 
imperative of further development of theoretical concepts 
of the light scattering. A problem of this kind arises, in 
particular, when analyzing optical properties of deformed 
polymers. This is caused by several factors. One of them 
is that polymer materials are characterized by complex 
inhomogeneities of various types.4 For example, in 
amorphous networks there are random spatial fluctuations 
of the cross-link concentration which produce regions with 
different elastic properties (namely, different values of the 
elastic modulus). Such inhomogeneities do not have ab- 
rupt borders. Their spatial distribution reflects conditions 
of network formation. Experiments show that deformation 
or swelling of such systems results in qualitative changes 
in the light-scattering pattern. Therefore the main ob- 
jective of theory in reconstruction of basic structural 
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characteristics of inhomogeneous networks based upon the 
light-scattering data. 

Two main approaches have been developed for studying 
properties of heterogeneous materials, namely, the 
“regular” approach and the statistical approach.2 The 
former treats inhomogeneity regions as inclusions having 
specific geometric form (sphere, rod, disk). The resultant 
scattering intensity is thus determined by a sum of con- 
tributions of different inclusions to the scattering. This 
approach was successfully applied to describe the small- 
angle light scattering from spherulites2” and from assem- 
blies of oriented rods and plates.- The regular approach 
made it possible to interpret observable patterns of po- 
larized light scattering in swelled and deformed polymer 
films filled with solid spheres.l&l2 It was shown, in  par- 
ticular, that an additional scattering in deformed media 
is caused by a nonuniform distribution of dielectric 
permeability, induced by elastic stress fields in the vicinity 
of inclusions. 

I t  should be noted that within the framework of the 
regular approach one has to invoke data on the structure 
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of heterogeneous medium studied. In many cases, how- 
ever, one encounters the inverse problem, i.e., determining 
the internal structure of a body based upon the scattering 
light pattern. Such a problem, as applied to heterogeneous 
polymer networks, is of fundamental importance, and it 
can be solved with the use of statistical analysis. This 
method comprises a search for a relation between the 
scattering intensity and the correlation function of di- 
electric permeability fluctuations in the medium. The 
method was successfully used to describe the light scat- 
tering in materials with nonuniform distributions of den- 
sity13 and polarizability anisotropy.14-15 However, all the 
work done in this field has been restricted to the study of 
optical properties of an undeformed polymer, hence they 
do not take into account a number of factors contributing 
to additional light scattering. 

Because of the photoelastic effect, dielectric permeability 
of deformed networks depends on the degree of extension 
and on the network elasticity. Therefore it might be ex- 
pected a priori that the light-scattering intensity in het- 
erogeneous networks will also depend upon the correlation 
functions of elastic moduli (or correlation functions of 
fluctuations of the cross-link concentration). It is with this 
matter that the present work is concerned. Namely, we 
develop a statistical theory of Rayleigh scattering of light 
in amorphous heterogeneous Gaussian networks, deformed 
or swelled. With this objective in view, we start in the next 
section with basic relations of the general theory of elec- 
tromagnetic wave scattering which are necessary for our 
further analysis. In section 3 the dependence of dielectric 
permeability on the local values of the shear moduli and 
strain of the network is considered. In section 4 we study 
the dependence of dielectric permeability correlation 
function on correlators of elastic fields and moduli of the 
network. Sections 5 and 6 treat the problem of interre- 
lation between strain correlation functions and the 
structural function of the shear modulus of dry and swell 
networks, which characterize the degree of inhomogeneity 
of the medium. The dependence of the light-scattering 
intensity on the uniaxial extension and on the swelling 
degree is analyzed in sections 7 and 8. The main results 
of the work are listed in section 9. 

2. Theory of Electromagnetic Wave Scattering: 
Basic Equations 

The intensity I of a scattered electromagnetic wave 
depends upon the amplitude of the electric field intensity 
E: 

I = (EiE*i) (1) 
The asterisk stands for complex conjugate; the angular 
brackets denote averaging over the volume of a body. 
Besides, in (l), summation over repeating indices is meant. 
In what follows we deal with the Rayleigh ratio R = 
Iro2l4/I0V where ro is the distance between observation 
point and scattering volume V, Io = (EoiE*oi) is the in- 
tensity of incident light corresponding to electric field 
intensity Eo, 1 = 2cd2/w.  

According to the Born approximation, the electric field 
intensity of a scattered wave is given by the following 
equation:‘ 

Ei = (4~r~(c))-~(M~ + kik,M,) exp(ikro) (2) 

Mi = s ‘i. Lk E Ok exp(iqr) d3r 

Here ko and k are the wave vectors of the incident and 
scattered waves, respectively. Their wavenumbers are k 
= ko = (w/c) ( where w and c are the frequency and 
the velocity of light in a vacuum. The scattering vector 
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is q = k - k,,. In (2) the difference zik = t ik - ( t i k )  means 
local deviation of the dielectric permeability tensor from 
its average value. If the wavelength of the electromagnetic 
wave exceeds characteristic dimensions of the inhomog- 
eneity element, the vector M corresponds to the dipole 
moment of the region. In the case of discrete inclusions 
uniformly distributed over the sample, it  is equal to the 
sum of dipole moments of particles in a volume unit, the 
tensor Zik being proportional to the polarizability tensor 
of the inclusion. The problem of light scattering is thus 
reduced to either the statistical, or the “regular” approach, 
according to the form chosen for the vector M. In this 
work we will consider inhomogeneous materials with the 
small random spatial fluctuations of dielectric permea- 
bility. 

In experiments on light-scattering monochromatic 
sources of linearly polarized light (such as lasers) are 
commonly used. A standard scheme of optical setup in- 
volved is given, for example, in ref 2. Let the xl-axis of 
a coordinate system be parallel to electric field intensity 
vector Eo of the incident wave and the x3-axis coincides 
with the direction of the wave vector k,. Then the scat- 
tering angle e (i.e., the angle between directions of vectors 
k and ko) will be counted from the x3-axis, while the az- 
imuth angle cp (lying in the plane orthogonal to the wave 
vector of the incident wave) will be counted from the 
r,-axis. In this coordinate system the wave vector of 
scattered light is equal to k = kon, where n is the unit 
vector. Projections of the vector n are 
nl = sin e cos cp n3 = cos 0 (3) 

Projections of the scattering vector are equal to qi = qomi, 
qo = 2wc-lsin e12 

n2 = sin 0 sin (a 

0 0 e ml = cos - cos cp m2 = cos - sin cp m3 = -sin - 
2 2 2 

(4) 
It  is seen that small absolute values of the vector q can 
be due to either large wavelength of the light or small-angle 
scattering. In what follows we treat the case of arbitrary 
scattering angles. In this case the Rayleigh ratio takes the 
form 

The straight line on the top denotes the Fourier trans- 
formation with the wave vector q. 

If a polarizer is installed between the sample and the 
screen, different light-scattering patterns will be formed 
on the screen depending on the orientation of the polarizer. 
When polarizers are crossed, the Rayleigh ratio has the 
form 

while when they are parallel, it is of the form 

As follows from (5)-(7), in order to calculate the angle 
dependence of scattered intensity it is necessary to find 
the correlation function of fluctuations of dielectric 
permeability of the medium. 

3. Dielectric Permeability of Inhomogeneous 
Polymer Networks 

Dielectric permeability of undeformed (unswelled) 
polymers depends generally on the concentration of mo- 
nomers and on anisotropy of their p~larizability.‘~,~~ Op- 
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tical properties of extended (or swelled) elastomers depend 
on cross-link concentration as well. We will suppose that 
the cross-link concentration is small compared to the 
concentration of monomers and does not affect dielectric 
permeability of the polymer in the absence of elastic fields. 

Let us write down the following expression for dielectric 
permeability of the network: 

tik(r) &)6ik + vik(r) (8) 

where to(r) is a free-state value of dielectric permeability 
of a dry network, taken in the vicinity of the point which 
the radius vector is r. Tensor qik(r) determines a change 
in dielectric permeability resulting from imposing external 
actions such as deformation or swelling. Let us consider 
effects of each of them separately. 

Dry Deformed Network. In this case an anisotropic 
component of dielectric permeability arises which can be 
expressed in terms of the strain tensor components.16 

vik(r) = Bo(r)Go(r) [AiP(r)hp(r) - f/3Xpq(r)~pq(r)6ikl (9) 

Here Bo(r) = 4?r[to(r) + 2I2Aa/(45kET) is a coefficient 
depending on dielectric characteristics of a dry network, 
Aa = a,, - a L  is the anisotropy parameter of a macro- 
molecule segment (a,, and cxyI being its longitudinal and 
transverse polarizabilities), hik = d x i / d x ~  is the elongation 
tensor (xi and xOk are projections of radius vectors of a 
point of the body in the deformed and t h  free states, 
respectively), and 6ik is the Kroneker symbol. The shear 
modulus Go(r) of a Gaussian network is related to the 
cross-link concentration vo(r) by a formula 

(10) 
( r 2 )  

Go(r) = f/2fYO(r)W- 
(r2)0 

where (?)/ (?)o is the front factor of the network, (?) and 
( r2 )o  being mean-square distances between chain ends in 
the network and in the melt, respectively. It is seen that 
random variations in local values of the cross-link con- 
centration result in fluctuations of the shear modulus and 
thus in random variations in dielectric permeability. 

In order to calculate the fluctuations of dielectric 
permeability let us represent in the form of a sum of av- 
erage and fluctuation parts quantities eo, Go, and tensor 
Xik entering eq 8 and 9 

(11) 
eo = ( e O )  + ?o Go = (Go)  + Go 

kik = ( X i k )  + Xik 

The average elongation tensor ( A & )  can be chosen to be 
diagonal in the coordinate system considered (A,) = A($, 
(summation is not performed over the indices in brackets). 
Then, to an gccuracy_of terms of the first order with re- 
spect to 70, Go, and &, we obtain from (8) and (9) the 
following expression for fluctuations of dielectric perme- 
ability tensor of a dry deformed network: 
z ik  = ?O(tO)-lTik + 

(BO) [GOA(i)aik + (GO)(A(i)Xki  + X(k)Xik) - 2/3xhpXppsik)l 
P 

(12) 
Tik = (€0)(1 + A(Go)A(i))Gik 

Ai = Xi2 - 1 /3CXp2, A = 2(Bo)((to) + 2)-' 
P 

Note that because of distortion of elastic deformation field 
in the vicinity of inhomogeneity elements, the fluctuation 
part of the tensor Xik may, in general, be nondiagonal. 

Swollen Network. In the absence of binary interac- 
tions of macromolecules in the volume, a change in di- 
electric permeability of polymer networks caused by 
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swelling in 6-solvent can be represented in the following 
form 
vik(s)(r) = u,(e, - t0)6ik + 

B(r)G(r)[Xip(,)(r)Xkp(,)(r) - 1/3Xpq(s)(r)Xpq(a)(r)6~~l (13) 

Here B(r) is a coefficient similar to that in (9) but de- 
pending on dielectric properties of the swollen network, 
whose dielectric permeability is equal to t = to + u,(E, - to) 

in the absence of cross-links (us and t, are the concentration 
and dielectric permeability of the solvent, respectively). 
Tensor Xik(s)(r) characterizes the strain of the swollen 
polymer in some point, the local shear modulus being re- 
lated to that of corresponding dry network by 

G(r) = (det X(s))-1/3GO(r) (14) 

Using (14) we arrive immediately at a relationship between 
average and fluctuation values of shear moduli of dry and 
swollen networks. Indeed, the substitution of expansion 
(11) for &(') and Go in (14) with allowance made for the 
fact that the swelling is, on the average, isotropic, (Xik")) 
= X6&, we obtain 

( G )  = x-l(Go),  G(r) = x-lG0(r) - '/x-2(GO)Xpp(s)(r) 
(15) 

where Xp2)(r) is the fluctuation part of the sum of diagonal 
elements of the tensor xik(,)(r). Using these relations we 
obtain from (8) and (13) the following expression for local 
changes in dielectric permeability tensor of the swollen 
network: 

where up = 1 - us is the volume concentration of the 
polymer. 

4. Spatial Correlations of Dielectric Permeability 
of Heterogeneous Networks 

Equations 12 and 16 enable one to construct expressions 
for correlation functions of dielectric permeability fluctu- 
ations of deformed and swollen networks. In general they 
depend upon correlators of all random variables entering 
eq 12 and 16. However, since the monomer concentration 
in elastomers greatly exceeds the cross-link copcentration, 
we may regard random fluctuations of to and Go as sta- 
tistically independent. Mathematically, this can be written 
as (?,Go) = 0. Besides, fluctuations of the strain field are 
determined by variations of the shear modulus and, hence, 
do not depend on to: (&k) = 0. Based on these consid- 
erations and using eq 12 we find the correlation function 
of fluctuations of dielectric permeability of a dry inho- 
mogeneous network: 

p=l 
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are structural functions of dielectric permeability and shear 
modulus of a dry network in free state, respectively. These 
functions characterize the degree of inhomogeneity of the 
body. 

Using relation 16 we can also write down an expression 
for the correlation function of dielectric permeability of 
a swollen network 

(Zik(Skm2)) = up2(€0)’D,(r)6ik6*, + 
( B ) 2 (  Go)’[ ( Xik(s)imn(8)) + ( Xki(s)Xmn(s)) + ( &k(s)Xnm(s)) + 

( Xki(s)Xnm(S)) - 2 / (  ( Xpp(s)X,k(s))6mn + ( Xpp(s)Xki(s))6mn + 
( X p p ( s ) X m n ( s ) )  6ik + ( Xpp(s)Xnm(S))6ik + ys ( ~pp(s)~qq(s))6ik6mn)] 

(18) 

It can be seen from (17) and (18) that in order to solve the 
problem formulated above, it is necessary to express the 
correlators of elastic fields in terms of the structural 
function D&) of shear moduli. The problem of calcu- 
lating the local strains which result from loading of inho- 
mogeneous network without solvent differs from a similar 
problem for a swollen network, mainly by constraints im- 
posed on change of the volume of polymer. In the first case 
the network deformation proceeds without any change of 
the volume. In the second case change of the volume 
because of network swelling results in emergence of in- 
ternal strains. That is why we have to consider these cases 
separately. 

5. Calculation of Correlation Functions of Elastic 
Fields of Dry Networks 

Local elastic properties of amorphous incompressible 
Gaussian networks are described by the high elasticity 
equation: 

(19) 

Here q k  is the stress tensor, p is a parameter with di- 
mension of pressure (the latter is to be determined from 
incompressibility condition). 

Let us consider the equation of equilibrium of inho- 
mogeneous medium in the absence of volume forces: 

dUik/dXk = 0 (20) 

It  is clear that under uniform external deformation of a 
sample the average stress will be also uniform, its diver- 
gence with respect to the coordinates connected with 
undeformed state of a body being equal to zero identically. 
Therefore, instead of the full value of q k  we may substitute 
in (20) its fluctuation part only. Using eq 19 we can find 
local changes ig stress, With an accuracy of terms of the 
first order in Go and Xik these take the form 

CikLr) = 

Substituting (21) in (20) and transforming this to under- 
formed body coordinates, we arrive at the equation16 

qdr)  = GO(r)X&)Xk,(r) - p(r)6ik 

Go(r)X(i)hik + (GO)[X(i)Xki(r) + X(k)Xik(r)l - P(r)aik (21) 

Rayleigh Scattering in Polymer Networks 2523 

which is true with an accuracy of terms of the first order 
in fluctuations i l k .  Using the equality we can simplify eq 
22: 

&k,k = - k k c , b  (23) 

A solution for this equation can be represented in the form 
of an integral convolution: 

Xdr) = X , S Q , d r  - r’)rC.h’) d3r’ (24) 

where Q(r) is the Green function obeying the equation Qbk 
= -6(r). 

Multiplying the left and right sides of (24) by Xmn(0), 
Go(0) and P(0) and performing averaging over the volume, 
we obtain a system of integro-differential equations, which, 
after being Fourier transformed, is reduced to a system of 
algebraic equations. If we exclude functions which contain 
the quantity p we will find Fourier transforms of corre- 
lation functions sought of elastic strains: 

$i = (Go)-l(G0 - AL2fi) (22) 

which relates fluctuations of the elastic field to fluctuations 
of the shear modulus of the network. Indices after commas 
stand for differentiation with respect to coordinates of 
points of undeformed media. The incompressibility con- 
dition X1X2X3 = 1 is followed by an equality 

3 

p = l  
= 0 

Here DG(q) is the Fourier transform of the structural 
function DG(r), m,].k m,m, ... mk, b = (~,m,”X;’)-’, q is 
the wave vector of the Fourier transform. Values of com- 
ponents of the vector m are given in (4). 

Equations 25 and 26 describe a relationship between 
correlation functions of elastic fields resulting from de- 
formation of dry polymer network and the structural 
function of the shear modulus fluctuations. 

6. Calculations of Correlation Functions of 
Elastic Fields of Swollen Networks 

Let us consider now statistical characteristics of elastic 
fields of heterogeneous linked polymers that are swelled 
in @solvent. The choice of @solvent makes it possible to 
neglect the volume interaction between macromolecules. 
In 0-solvent network conformations obey Gaussian sta- 
tistics which simplifies essentially calculations of the 
network stress as a function of the swelling degree. In this 
case the free energy of an arbitrary volume of the sample 
can be written as 

F(r) = -kgTv(r) (Jl(r) - 3) - - In J3(r) (27) 
4 f [  f 2 l  

J1 = ~ p q ( s ) ~ p q ( s )  J 3  = det (Xpr(s)Xpk(s)) 

where f is the functionality of nodes of the network and 
v(r) is the local cross-link concentration in swollen polymer. 
The tensor X,k(s) in (27) is written down in a generd form, 
since local combined stresses may arise in heterogeneous 
medium during its swelling. At the same time, the network 
swelling is, on the average, isotropic, the fact being ex- 
pressed by equality ( Xlk(’) ) = &. 

In order to calculate the local stress tensor let us foll0wl7 
and differentiate the free energy (27) with respect to  the 
tensor of strains elk(s) = 1/2(Xp,(S)Xppk(s) - 6,k). Then we have 

Ulk(’) = (det X(s))-4/3Go[ X,p(s)Xkp(s) - &,k] (28) 

Here we have used eq 14 which interrelates shear moduli 
of dry and swollen networks. Representing Go and X,k(s) 
in (28) as a sum of the average and fluctuation paJts (with 
an accuracy of terms of first order in Go and we 
obtain an expression for fluctuations of the stress tensor 
of a swollen network: 
clk(s)(r) = %-3(.(1 - x-2)G0(r)6tk - 

(Go)[4/3(1 - x-2)Xpp(s)(r)6,k + Xrk(s)(r) + Xk,(”(r)]] (29) 
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When polarizers are crossed, the scattered intensity from 
density fluctuations is given by the formula 

RHyt  = nl2R' (37) 

while when they are parallel, 

Rvvt = [ l  - (4 - n2')(1 - n12)-']Rt (38) 

where the values of n,, n2, and n3 are given by (3). 
In the absence of strains (or when compression or ex- 

tension is uniform) eq 36 coincides with a well-known 
result by Debye.13 

When the monomer concentration is constant, the light 
scattering in a deformed polymer network can be induced 
by random variations in local elastic properties which, as 
was mentioned above, may result from spatial fluctuations 
of the cross-link concentration. Unlike the previous ex- 
ample, the angular distribution of scattered light on the 
screen will be more complicated in this case. This fact is 
explained, in the final analysis, by a nonuniform distri- 
bution of local elastic strains in heterogeneous media. It 
seems relevant to consider light-scattering patterns in cases 
of crossed and parallel analyzers, as is usually done in 
experiment. When polarizers are crossed, the Raleigh ratio 
can be found from eq 6, 34, and 35: 

RH: = sH,(O,p)DG(q) (39) 

The function sHv(8,$o) has the form" 

SH~(OM) = (n2nrPi1 - P21)' (WjniPii - (40) 

When polarizers are parallel, eq 7,34, and 35 provide the 
following relation 

RV: = sVv(O,V)fiG(q) (41) 

where Svv(O,p) has the formla 

sVv(O,p) = (nlniPi1 - P11)' + (n3niPil - P31)' (42) 

It can be seen from (39)-(41) that the angle dependence 
of the scattered intensity is determined by functions 
SHv(O,p) and S,(O,p) and by the Fourier transform of the 
structural function of shear moduli of the network DG(q). 
Note that in the case of isotropic material this function 
depends solely on the absolute value of the scattering 
vector qo = 2(w/c)  sin (O/2) and, hence, on the angle O only. 
Thus asimuthal distribution of scattered light intensity is 
determined by the form of the function SHJO,~) or Svv(O,p). 

At small-angle scattering and under uniaxial extension 
directed along the xl-axis, the function SHv(8,(p) can be 
simplified. Neglecting terms of the order of O2 in (40) we 
obtain the following expres~ion'~ 

SH, = 1/16X(X3 - 1)2 sin2 4p[1 + (A3 - 1) sin2 p]-' (43) 

where we put X1 = A, h2 = X3 = X - I f 2 ,  the azimuth angle 
being counted from the xl-axis in the plane orthogonal to 
the wave vector ko of the incident wave. 

As an example let us consider the scattering pattern 
from heterogeneous network, uniaxially extended along the 
x,-axis. The structural function of shear moduli of the 
network is supposed to have the following form: DG(r) = 
(n2/Q)  exp(-(rlf)). Such a network is similar to a matrix 
composite material filled with statistically independent 
dispersive inclusions with radii of l .  The FourierJransform 
of the structural function chosen has the form Dc(q) = (1 
+ qo2[2)-2. In Figure 1 we present contour plots of equal 
intensity of scattered light which arise in crossed polarizers 
at sample extension X = 1.5. The calculations were done 
with eq 39 and 40. The correlation radius was supposed 

Substituting (29) in eqyilibrium equation (20) and taking 
into account a relation Xik'') = Gib(') between the tensor Xik(') 
and displacement vector ui = xi - xoi we arrive at the 
equation 

iiigP(8) + i( 1 4  ,z - l)Gp,pi(Li = (-$ - 1 ) x z  G0,i (30) 

Applying the Fourier transformation to the right and left 
parts of the equation, we find, after some algebra, the 
following relation between Fourier transforms of fluctua- 
tions of elastic strains and shear moduli: 

(q is the wave vector of the Fourier transformation). 
Multjplying the left and the right parts of (31) by xmn(B)(O) 
and Go(0), and performing averaging over the volume of 
the body we can easily find the Fourier transforms of 
correlation functions sought: 

Equations 32 and 33 provide relations between correlation 
functions of elastic strains of a swollen polymer and the 
structural function of shear moduli of corresponding dry 
network. 

Let us consider now optical properties of inhomogeneous 
networks. 

7. Intensity of Rayleigh Light Scattering in Dry 
Deformed Heterogeneous Networks 

Intensity of scattered light which is incident on the 
screen depends on the correlation function of fluctuations 
of the dielectric permeability tensor of the medium (see 
(5)-(7)). In the case of a dry deformed network the Fourier 
transform of this function can be found with the use of eq 
17, 25, and 26. It  has the form 

(Z) = TikTmnDt(S) -t pikpmnDG(d (34) 
The expression for the tensor Tlk is given in (12), while 

3 

p=l  
Pik = (BO) (GO) (h(i)X(k)Bik - 1/336ik Xp2Bpp) 

Bik = 36th - m&[2 - (X(i)-' h(k)-2)(cmp2Xp-2)-1] (35) 
P 

It  can be seen from (34) that the correlation function of 
fluctuations or dielectric permeability of heterogeneous 
polymer network is determined by two structural func- 
tions, D, and DG, which characterize the degree of inho- 
mogeneity of the medium according to its density and 
elastic properties. 

If cross-links are distributed uniformly in the medium, 
the structural function of the shear moduli is DG = 0 and 
the light scattering is determined by fluctuations of mo- 
nomer concentration (the first term in (34)). It is seen from 
(12) and (34) that in the case of a constant value of the 
shear modulus the scattered intensity will also depend on 
the degree of deformation of the material, although the 
angle distribution of scattered light is determined solely 
by the form of the structural function a,(q). Indeed, 
substituting (12) and (34) in expression 5 we obtain the 
Rayleigh ratio for polarized light scattering from density 
fluctuations: 
R' = (1 - n12)(co)2[1 + 1/AO(Go)(2X1' - X2' - X32)]2D,(q) 

(36) 
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Figure 1. Contour plots of equal intensity of scattered light from 
uniaxially extended networks: crossed polarizers (X = 1.5, &(r) 
= (n2/ t3)  exp(-r/t). 

1800 

Figure 2. Contour plots of equal intensity of scattered light from 
uniaxially extended networks: parallel polarizers (X = 1.5, DG(r) 
= (7r2/t3) expt-rlt)). 

to be equal to the wavelength of the light ([ = 27rc/w). It 
can be seen from Figure 1 that an eight-lobe pattern arises 
on the screen. The scattered intensity is nonuniform, the 
lobes close to the extension axis being brighter. This 
theoretical pattern agrees well with experimental data (see, 
e.g., ref 11, 12). 

Contour plots of equal intensities of the light scattering 
for the same material and the same value of X = 1.5, but 
arising in parallel polarizers, are shown in Figure 2. The 
calculations were done with eq 41 and 42. It can be seen 
that maximum energy lies in the sector close to the x,-axis. 
This results in efficient elongation of the scattering pattern 
along this axis and agrees with experiment.ls 

The main problem emerging when studying heteroge- 
neous media by the light scattering method is determi- 
nation of structural parameters of a sample (such as in- 
homogeneity dimensions, their mutual arrangements, etc.). 
Photometric measurements of scattering patterns arising 
at different values of azimuth angles show that scattering 

0 

Figure 3. Scattering indicatrices from uniaxially extended 
networks: crossgd polarizers. The straight line (0) corresponds 
to the function DG(q) = (1 + q25.02)-2. Dotted lines corresponds 
to cp = 0: (1) X = 1.5; (2) X = 2.0. Dash-dot lines corresponds 
to cp = 20': (3) X = 1.5; (4) X = 2.0; (5) X = 3.0. 

I I I I I I I 

U 
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Figure 4. Scattering indicatrices from uniaxially extended 
networks: parallel polarizers. The straight line (0) corresponds 
to the function DG(q) = (1 t q2[2)-2. Dotted lings corresponds 
to cp = 90': (1) X = 2.0; (2) X = 3.0. Dash-dot lines correspond 
to cp = 45': (3) X = 2.0;'(4) X = 2.5; ( 5 )  X = 3.0: 

indicatrices differ from one another. This fact presents 
difficulties when determining structural characteristics. 
The situation differs radically from that studied by Debye 
and Bueche13 and characterized by an isotropic distribution 
of the scattered intensity with respect to the central ray. 

The theory we have developed interprets the above- 
mentioned behavior of intensity in terms of the character 
of dependence of the functions SHv and Svv on the angles 
cp and 6.18 In Figures 3 and 4 we present theoretical 
scattering indicatrices in crossed and parallel polarizers. 
The scatterers are uniaxially extended heterogeneous 
networks whose structural function is &(r) = (7r2/Q) 
exp(-r/[). The Debye coordinates are used in Figures 3 
and 4. The straight line 0 corresponds to the Fourier 
transform of the function D&). From its slope we can 
calculate the inhomogeneity size E ,  which is supposed to 
coincide with the wavelength of the light in the case con- 
sidered. A comparison of scattering indicatrices of de- 
formed networks with this straight line shows their more 
complicated behavior. This behavior is determined by the 
value of azimuth angle cp and extension degree of the 
network A. In particular, at fixed cp the curvature and slope 
of indicatrices is controlled by the value of X (see Figures 
3 and 4). In addition, intensity redistribution over dif- 
ferent values of the azimuth angle takes place when the 
scattering angle increases.18 All these factors lead to 
mentioned behavior of scattering indicatrices. In order to 
determine the form of the structural function of the shear 
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Figure 5. Dependence of functions SH" and SV, on elongation 
A. For Sv,: (1) cp = 0; (2) cp = 27'; (3) cp = 87'. For SHY: (4) cp 
= 12O. 

moduli one has to divide the value of the scattering in- 
dicatrix experimentally found by the function S H ,  or Sv, 
according to specific experimental conditions: 

Ddq) = SH,-'(~,P)RH,G or Ddq) = SV;'(B,(~)RV,G 
(44) 

Equations 39-42 indicate that the scattered intensity 
essentially depends on the degree of network deformation. 
Physically, it can be explained by increase of fluctuations 
of the dielectric permeability of a heterogeneous network 
with degree of orientation of macromolecules under ex- 
tension of the sample. While deriving these formulas no 
restriction was imposed on the degree of deformation. 
Therefore they might be valid in a rather wide range of 
extensions A. 

In Figure 5 functions Sg and Sv, are plotted against the 
degree of uniaxial extension of the network at different 
values of the angle (a. It  is seen that scattered intensity 
is a nonlinear function of A. This means that a t  large 
extensions the light-scattering method can be used to in- 
vestigate weak elastic inhomogeneities arising in polymer 
networks. 

8. Light-Scattering Intensity in Swollen 
Heterogeneous Networks 

In this section we restrict ourselves, for simplicity, to 
consideration of networks in which the monomer concen- 
tration is constant in the absence of solvent. In this case 
fluctuations of dielectric permeability are caused by non- 
uniform swelling of the network owing to random changes 
in cross-link concentration. The correlation functions of 
the fluctuations (18), (32), and (33) are 

( ~ t k ( s ) ? ~ ~ ( s ) )  = PLk's)Pmn(s)DG(q) (45) 

PLk(') = 2aU3) (Go)(m,mk - 1/&k) (46) 

Substituting these in (6) and (7),  we find the Rayleigh 
ratios for swollen networks in crossed and parallel polar- 
izers: 

RH,G = 4a2SH,'"(e,(a)DQ(q) (47) 

RV,G = 4~~Sv,'"(0,p)DG(q) (48) 

where functions SH,(S)(B,p) and Sv,(9)(0,(a) have the form 
similar to that of (40) and (42), the only difference being 

I e Q O  

Figure 6. Contour plots of equal intensity of the light scattering 
from swollen networks: crossed polarizers. 

in the fact that one should replace Pik by Pik(s) from (46). 
Equations 47 and 48 are valid at arbitrary values of 

scattering angles 8, provided the wavelength of the light 
exceeds average dimensions of inhomogeneities. In the 
case of small-angle scattering the expressions for functions 
SH?) and can be simplified. Indeed, neglecting terms 
quadratical in B we find 

(49) 

S,/S) = f/36(1 + 3 cos 2(a)2 (50) 

These follow simple estimates of possible scattering pat- 
terns. In crossed polarizers the pattern will have the form 
of a cross with four identical lobes at the angle of 45" with 
respect to the x1 and x2-axes. This result agrees with 
experimental concerning swollen polymer net- 
works filled with small glass spheres. Note that solutions 
obtained here are also valid for filled systems with small 
concentration of rigid inclusions. 

In Figure 6 equal intensity contours of the light scat- 
tering from swollen networks are plotted in the case of 
cross polarizers. The correlation function is supposed to 
be equal to DG(r) = (r2/t3) exp(-r/[) as in the previous 
section. The energy distribution of the light in the plane 
x l x 2  becomes asymmetric as the scattering angle increases. 
This is due to behavior of the function &,(S)(e,(a) whose 
values increase with 0 in the vicinity of the azimuth angle 
(a = 0. Dependence of SH?) on (a is shown in Figure 7 at 
various scattering angles. I t  also follows from eq 40 and 
46 that back-scattering intensity (k = -ko) from swollen 
networks is zero when cross polarizers are used. 

Theoretical contours of equal intensity of light scattering 
from networks considered are shown in Figure 8 as viewed 
with parallel polarizers. Calculations were done with eq 
46 and 48. In this case positions of maximum intensity 
correspond to the xl- and x2-axes of the coordinate system 
chosen and are completely determined by direction of the 
light polarization. Dependence of Sv,(g) on azimuth angle 
(a is shown in Figure 9 a t  various values of the scattering 
angle 0. Redistribution of scattered intensity with an in- 
crease of 0 occurs here as well. 

Equations 47 and 48 indicate that dependence of the 
Rayleigh ratios on the swelling degree of a network is 
determined by the form of the function a ( x )  (see eq 31). 

SHv(s)  = 1/12 sin2 2(a 
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Figure 7. Dependence of the function SH>) on the azimuth angle 
cp: (1) e = 50; (2) e = 200; (3) e = 350; (4) e = 450. 

Figure 8. Contour plots of equal intensity of the light scattering 
from swollen networks: parallel polarizers. 

Scattered intensity increases with x in a nonlinear way. As 
in the case of deformed dry networks, this fact can be used 
for investigation of weak elastic inhomogeneities (for in- 
stance, such as spatial fluctuations of the cross-link con- 
centration). 

9. Conclusion 
A statistical theory of Rayleigh scattering of light in 

deformed and swollen heterogeneous Gaussian polymer 
networks has been developed. Analytic expressions have 
been found which interrelate scattering intensity and 
structural functions characterizing degree of inhomogeneity 
from the viewpoint of monomer concentration and elastic 
properties of the medium. It  has been shown that scat- 
tered intensity grows nonlinearly with degree of extension 
and swelling of the sample. This fact makes i t  possible 
to investigate weak fluctuations of elastic properties of 
polymer networks. 

The theory developed enables one to find the form of 
structural functions of a heterogeneous network on the 

0,2 

0.1 

0 20 40 60 'po 

Figure 9. Dependence of the function SI,>) on the azimuth angle 

basis of scattering intensity distribution. In particular, the 
structural function of shear moduli can be estimated from 
the scattering indicatrix, measured at  an arbitrary azimuth 
angle and an arbitrary degree of deformation, with allow- 
ance made for the form of functions SHv(O,(p) and Svv(O,(p) 
at the same values of cp and X (see eq 44). 

Note in conclusion that this theory can be easily gen- 
eralized to describe networks, the elastic properties of 
which differ from those considered above. 
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